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EQUIDISTRIBUTION ON HOMOGENEOUS SPACES AND THE
DISTRIBUTION OF APPROXIMATES IN DIOPHANTINE
APPROXIMATION
MAHBUB ALAM AND ANISH GHOSH
Abstract. The present paper is concerned with equidistribution results for certain flows on
homogeneous spaces and related questions in Diophantine approximation. Firstly, we answer
in the affirmative, a question raised by Kleinbock, Shi and Weiss [KSW17] regarding equidis-
tribution of orbits of arbitrary lattices under diagonal flows and with respect to unbounded
functions. We then consider the problem of Diophantine approximation with respect to ra-
tionals in a fixed number field. We prove a number field analogue of a famous result of W. M.
Schmidt which counts the number of approximates to Diophantine inequalities for a certain
class of approximating functions. Further we prove “spiraling” results for the distribution
of approximates of Diophantine inequalities in number fields. This generalizes the work of
Athreya, Ghosh and Tseng [AGT15, AGT14] as well as Kleinbock, Shi and Weiss [KSW17].
1. Introduction
In this paper, we establish several results relating to the distribution of approximates
in Diophantine approximation. To motivate our results, let us recall the starting point of
Diophantine approximation, namely the following corollary to Dirichlet’s theorem.
Theorem 1.1. For every x ∈ Rm (m ≥ 1), there exist infinitely many (p, q) ∈ Zm × Z+
such that
‖qx− p‖ < cm|q|−1/m. (1.1)
If ‖·‖ is taken to be the supremum norm then cm can be taken to be 1. In [AGT15],
Athreya, Ghosh and Tseng considered the problem of ‘spiraling’ of approximates connected
to the Diophantine inequality above. Let
θ(p, q) :=
qx− p
‖qx− p‖ ∈ S
m−1.
Given A ⊆ Sm−1, T > 0, they considered the counting functions
N(x, T ) = #{(p, q) ∈ Zm × Z+ : ‖qx− p‖ < cm|q|−1/m, 0 < q ≤ T}
and
N(x, T, A) = #{(p, q) ∈ Zm × Z+ : ‖qx− p‖ < cm|q|−1/m, 0 < q ≤ T, θ(p, q) ∈ A},
and proved:
A. G. was supported by a grant from the Indo-French Centre for the Promotion of Advanced Research;
a Department of Science and Technology, Government of India Swarnajayanti fellowship and a MATRICS
grant from the Science and Engineering Research Board.
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Theorem 1.2 ([AGT15] Theorem 1.1). For A ⊆ Sm−1 a measurable subset, and for almost
every x ∈ Rm,
lim
T→∞
N(x, T, A)
N(x, T )
= vol(A).
Here vol := volSm−1 is the Lebesgue probability measure on S
m−1.
The result above is closely connected to equidistribution results on the space of unimodu-
lar lattices in Rd (d = m + 1) and its proof involves a study of spherical averages of Siegel
transforms of functions on the space of lattices. Subsequently, weighted and multiplicative
versions of the above result were established in [AGT14] (Theorems 1.5 and 1.6). The study of
spiraling was then taken up in [KSW17], where several results including a stronger weighted
version of the above Theorem was established as a consequence of equidistribution results
for diagonal orbits of points on unipotent orbits on the space of lattices.
In this paper, among other results, we generalize the above weighted spiraling of approx-
imates to number fields. We follow the approach of Kleinbock, Shi and Weiss and use an
equidistribution result of Shi [Shi17]. We also answer a question raised by Kleinbock, Shi
and Weiss regarding the equidistribution of orbits of certain flows on homogeneous spaces
with respect to unbounded functions. While these results are proved for an arbitrary number
field, they are new even for Q which is the case they were asked for in [KSW17]. Another
ingredient in the proof is a number field analogue of famous result of W. M. Schmidt [Sch60]
providing an asymptotic count for the number of solutions to Diophantine inequalities. We
believe this result to be of independent interest. We now describe our results in detail.
2. Main results
Let K be a number field of degree k and let S be the set of all normalized non-conjugate
Archimedean valuations on K. Let SR ⊆ S be the set of real valuations and SC ⊆ S be the set
of non-conjugate complex valuations, then #(SR)+#(SC) = #S and #(SR)+2 ·#(SC) = k.
We denote the ring of integers of K by O. For each v ∈ S denote by ιv the corresponding
embedding of K into a completion Kv with respect to v. The Minkowski space associated
with K is defined by
KS :=
∏
v∈S
Kv ∼=
∏
v real
R×
∏
v
complex
C ∼= Rk. (2.1)
The ‘diagonal’ embedding of K into KS is denoted by
ιS : K → KS, r 7→ (ιv(r))v∈S .
Note that O is a lattice in KS via this embedding. We permit ourselves a mild abuse of
notation and denote the image of O inside KS under this embedding by O itself. Take a
Haar measure on R which is a multiple (say ̟) of the Lebesgue measure, and denote by λ
the product measure on KS induced via the isomorphism KS ∼= Rk. The constant ̟ is so
chosen that O becomes a covolume 1 lattice in KS ∼= Rk.
We define
x · y := (xvyv)v∈S
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and fix norms on KS and K
d
S (d ≥ 2) as follows:
‖x‖ := max
v∈S
|xv|, ‖x‖2 :=
(∑
v∈S
|xv|2
) 1
2
,
and
‖ #»x‖ := max
1≤i≤d
‖xi‖, ‖ #»x‖2 :=
(∑d
i=1
‖xi‖22
) 1
2
for every x = (xv)v∈S, y = (yv)v∈S in KS and
#»x = (x1, . . . ,xd) ∈ KdS. Here and throughout
the rest of the paper, vectors should be thought of as column vectors even though we will
write them as row vectors.
Let m,n ∈ Z+ be such that m + n = d. The diagonal embedding ιS : K → KS can be
naturally extended to matrices. For
A = (Av)v∈S, B = (Bv)v∈S ∈ Mm×n(KS) :=
∏
v∈S
Mm×n(Kv),
we define AB := (AvBv)v∈S ∈ Mm×n(KS), and for
#»y = ( #»yv)v∈S = (y1,v, . . . , yn,v)v∈S ∈
∏
v∈S
Knv = K
n
S ,
define A #»y := (Av
#»yv)v∈S ∈
∏
v∈S K
m
v = K
m
S . Note that K acts naturally on K
d
S as
a #»x := (ιS(a) · x1, . . . , ιS(a) · xd) for a ∈ K and #»x = (x1, . . . ,xd) ∈ KdS.
Let G = GK := SLd(KS) ∼=
∏
v∈S
SLd(Kv), then Γ = ΓK := ιS(SLd(O)) = SLd(ιS(O)) is a
lattice in G. Denote by X = XK the homogeneous space G/Γ. Note that GQ = SLd(R),ΓQ =
SLd(Z) and XQ = SLd(R)/SLd(Z). Let µ = µK be the left Haar measure on G so that the
induced G-invariant measure on X , which we also denote by µ, satisfies µ(X) = 1.
The isomorphism KS ∼= Rk induces an embedding SLd(KS) →֒ SLdk(R), so that X can
be identified with a proper subset of SLdk(R)/SLdk(Z), the moduli space of unimodular lat-
tices in Rdk. The map gΓ 7→ gιS(Od) identifies X with the space of discrete rank d free
O-submodules of KdS having basis { #»x1, . . . , #»xd}, such that for every v ∈ S, { #»x 1,v, . . . , #»x d,v}
forms a parallelepiped of area 1 in Kdv . Such an O-submodule of KdS will be called a unimod-
ular lattice in KdS. See [EGL16] and [KL16] for more details.
We will consider the problem of weighted Diophantine approximation. Accordingly, we
choose ‘weight vectors’
a = (ai,v)1≤i≤m,v∈S ∈ R(m×#S)>0 and b = (bj,v)1≤j≤n,v∈S ∈ R(n×#S)>0
such that
∑
v∈SR
m∑
i=1
ai,v + 2
∑
v∈SC
m∑
i=1
ai,v =
∑
v∈SR
n∑
j=1
bj,v + 2
∑
v∈SC
n∑
j=1
bj,v = 1,
and consider the diagonal subgroup
D = DK := {gt}t∈R, where gt = (diag(ea1,vt, . . . , eam,vt, e−b1,vt, . . . , e−bn,vt))v∈S. (2.2)
Denote {gt}t>0 by D+. Given an L1-function ϕ on X , following [KSW17], we will say that
Λ ∈ X is (D+, ϕ)-generic (or Λ ∈ X is Birkhoff generic for the action of {gt} with respect to
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ϕ) if
lim
T→∞
1
T
∫ T
0
ϕ(gtΛ) dt =
∫
X
ϕ dµ. (2.3)
Moreover for a collection S of functions on X , we will say that Λ is (D+,S)-generic if it is
(D+, ϕ)-generic for every ϕ ∈ S.
We are going to prove an equidistribution result for certain unbounded functions on X
which have ‘controlled’ growth at infinity following [KSW17]. We will use the embedding
X →֒ SLdk(R)/SLdk(Z) to define a unbounded map α : X → [0,∞). For a unimodular lattice
Λ in Rdk and a given subgroup Λ′ ⊆ Λ, let d(Λ′) denote the covolume of Λ′ in spanR(Λ′)
(measured with respect to the standard Euclidean structure on Rdk). Following [EMM98] we
define
α(Λ) := max{d(Λ′)−1 : Λ′ a subgroup of Λ}.
This maximum is attained and α is a proper map. We restrict α to X .
Following [KSW17], let us denote by Cα(X), the space of functions ϕ on X satisfying the
following properties:
(Cα-1) ϕ is continuous except on a set of µ-measure zero;
(Cα-2) The growth of ϕ is majorized by α, i.e., there exists C > 0 such that for all Λ ∈ X ,
we have
|ϕ(Λ)| ≤ Cα(Λ).
We will show that Cα(X) contains Siegel transforms of Riemann integrable functions on
KdS. Recall that f : K
d
S → R is called a Riemann integrable function if f is bounded with
compact support and is continuous except on a set of λ-measure zero. Define a function f̂
(called the Siegel transform of f) on X by
f̂(Λ) :=
∑
#»
v∈Λr{0}
f( #»v ). (2.4)
The Siegel integral formula (which we will prove in the next section) says that for such f we
have ∫
X
f̂ dµ =
∫
Kd
S
f dλ.
Let U = UK := u(M), where u : M = Mm×n(KS) → G is defined as follows: for ϑ =
(ϑv)v∈S ∈M
u(ϑ) :=
(
1m ϑ
0 1n
)
=
((
1m ϑv
0 1n
))
v∈S
(1ℓ stands for the identity matrix of order ℓ) and let ν be a Haar measure on U ∼= M ∼=∏
v∈S K
mn
v . Let Λ0 denote the standard lattice Od ⊆ KdS, and Λϑ denote u(ϑ)Λ0. Also fix
∆ ∈ X and denote u(ϑ)∆ by ∆ϑ.
From now on elements of KmS and K
n
S will be denoted by
#»x and #»y respectively, i.e.,
#»x = (x1,v, . . . , xm,v)v∈S and
#»y = (y1,v, . . . , yn,v)v∈S . Whenever we say (
#»p , #»q ) ∈ Od (⊆
KdS = K
m
S × KnS ), we would mean that #»p ∈ KmS and #»q ∈ KnS . For ϑ = (ϑv)v∈S ∈ M and
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( #»p , #»q ) ∈ Od, we have ϑ #»q ∈ KmS . A similar remark holds for ( #»p , #»q ) ∈ ∆ as well.
We define certain ‘weighted quasi-norms’ on KmS and K
n
S :
‖ #»x‖
a
:= max
1≤i≤m
v∈S
|xi,v|
1
ai,v
respectively ‖ #»y‖
b
:= max
1≤j≤n
v∈S
|yj,v|
1
bj,v
.
We are now ready to state the main results proved in this paper. Our main results are con-
cerned with equidistribution of flows on X and spiraling of weighted Diophantine inequalities
in number fields. Following the strategy of Kleinbock, Shi and Weiss, an important role in the
proofs of these results is played by a counting result for solutions of Diophantine inequalities.
We begin with this result.
2.1. Diophantine approximation and Schmidt’s theorem in KdS. The theory of Dio-
phantine approximation of elements in KS by rationals from K has been studied by several
authors. We refer the reader to [EGL16, KL16, AGGL19, Ly16, Gho19] and the references
therein. We would like to analyze the number of solutions to the following Diophantine
inequalities
‖ϑ #»q − #»p‖
a
<
c
‖ #»q ‖
b
,
1 ≤ ‖ #»q ‖
b
< eT ,
(2.5)
for ϑ ∈ M,T > 0, c > 0 and ( #»p , #»q ) ∈ Od (or ( #»p , #»q ) ∈ ∆ in general). Accordingly, for
ϑ ∈ M , let NT,c(ϑ) and NT,c(∆ϑ) respectively denote the number of solutions ( #»p , #»q ) ∈ Od
and ( #»p , #»q ) ∈ ∆ to (2.5). Denote
ET,c := {( #»x , #»y ) ∈ KmS ×KnS : ‖ #»x‖a · ‖ #»y‖b < c, 1 ≤ ‖ #»y‖b < eT },
ET,c(Λ) := ET,c ∩ Λ, for all Λ ∈ X
and let |ET,c| be the volume of ET,c. It can be easily shown that |ET,c| = (2#(SR)π#(SC)̟k)dcT .
Note that NT,c(ϑ) = #(ET,c(Λϑ)) and NT,c(∆ϑ) = #(ET,c(∆ϑ)). We will prove:
Theorem 2.1 (A special case of Schmidt’s theorem for number fields). For ν-a.e.
ϑ ∈M ,
NT,c(∆ϑ) = #(ET,c(∆ϑ)) ∼ |ET,c| as T →∞.
In particular,
NT,c(ϑ) = #(ET,c(Λϑ)) ∼ |ET,c| as T →∞.
Here f(T ) ∼ g(T ) means that f(T )
g(T )
→ 1 as T → ∞. We provide a brief history of results
preceding Theorem 2.1. For K = Q, the above result, with a square root error term, and for
arbitrary monotonic approximation functions, was proved in [Sch60] by W. M. Schmidt. This
constituted a far reaching quantitative generalization of Khintchine’s theorem. By arbitrary
approximating functions, we mean that Schmidt considered inequalities of the form
‖ϑ #»q − #»p‖ < ψ( #»q ).
In [APT16], Athreya, Parrish and Tseng provided an alternative proof of a simplified ver-
sion of Schmidt’s theorem, i.e., they provided the main term for power-type approximating
functions like in (2.5). Their proof uses as its main tool, Birkhoff’s ergodic theorem. They did
not consider Diophantine inequalities with weights, but weights can easily be incorporated
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into their proof. Moving on to extensions of Q, the only quantitative Schmidt type results
that we are aware of are for imaginary quadratic extensions. We recall Sullivan’s famous
paper [Sul82] where he proved a Khintchine type theorem for Q(
√
d), for d a square-free
negative integer. Subsequently, a quantitative version of Sullivan’s theorem was established
by Nakada [Nak88], namely he established Theorem 2.1 for the case K = Q(
√
d). As far as
we are aware, Theorem 2.1 is new in all other cases. It constitutes a quantitative version
of Khintchine’s theorem for arbitrary number fields. We note that Khintchine’s theorem for
number fields is proved in T. Ly’s thesis [Ly16]. It would be interesting to obtain an error
bound in the context of Theorem 2.1. We have followed the approach of [APT16] which does
not yield an error term.
Before proving Theorem 2.1, we will prove the following result concerning unimodular
lattices in X .
Theorem 2.2. For µ-a.e. Λ ∈ X
#(ET,c(Λ)) ∼ |ET,c| as T →∞.
2.2. Spiraling of approximations and spherical averages. Let Fat be the a-weighted
flow on KmS defined by
Fat(
#»x) := (ea1,vtx1,v, . . . , e
am,vtxm,v)v∈S for
#»x ∈ KmS and t ∈ R
and define Fbt on K
n
S similarly. Define
Skm−1 :=
{
#»x ∈ KmS :
∑
v∈S
m∑
i=1
|xi,v|2 = 1
}
and define Skn−1 similarly. For nonzero #»x ∈ KmS and #»y ∈ KnS let
πa(
#»x) := {Fat( #»x) : t ∈ R} ∩ Skm−1, πb( #»y ) := {Fbt( #»y ) : t ∈ R} ∩ Skn−1 (2.6)
(these intersections are clearly singleton).
For ϑ ∈ M and A ⊆ Skm−1, B ⊆ Skn−1 with boundaries of measure zero, let NT,c(A,B;ϑ)
and NT,c(A,B; ∆ϑ) respectively denote the number of solutions (
#»p , #»q ) ∈ Od and ( #»p , #»q ) ∈ ∆
to
‖ϑ #»q − #»p‖
a
<
c
‖ #»q ‖
b
,
1 ≤ ‖ #»q ‖
b
< eT ,
πa(ϑ
#»q − #»p) ∈ A and πb( #»q ) ∈ B.
(2.7)
Define
ET,c(A,B) :=
{
( #»x , #»y ) ∈ KmS ×KnS :
‖ #»x‖
a
· ‖ #»y‖
b
< c, 1 ≤ ‖ #»y‖
b
< eT ,
πa(
#»x) ∈ A, πb( #»y ) ∈ B
}
,
ET,c(A,B; Λ) := ET,c(A,B) ∩ Λ, for all Λ ∈ X.
It can be shown that |ET,c(A,B)| = |ET,c| vol(A) vol(B), where vol denotes the standard prob-
ability measure on the spheres Skm−1 and Skn−1. Note that NT,c(A,B;ϑ) = #(ET,c(A,B; Λϑ))
and NT,c(A,B; ∆ϑ) = #(ET,c(A,B; ∆ϑ)). We prove that
Theorem 2.3. Let ∆ ∈ X. Then for almost every ϑ ∈M , ∆ϑ is (D+, Cα(X))-generic.
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As mentioned previously, this result (for Q) answers a question of Kleinbock, Shi and
Weiss [KSW17] (cf. [KSW17] page 861, following Theorem 1.3). Finally, we have the weighted,
number field, spiraling theorem.
Theorem 2.4. Let c > 0 and measurable subsets A ⊆ Skm−1, B ⊆ Skn−1 with boundaries of
measure zero be given. Then for a.e. ϑ ∈M , as T →∞, the number of solutions ( #»p , #»q ) ∈ ∆
to (2.7) has the same asymptotic growth as the volume of the set ET,c(A,B), i.e.,
NT,c(A,B; ∆ϑ) = #(ET,c(A,B; ∆ϑ)) ∼ |ET,c(A,B)| as T →∞.
In particular
NT,c(A,B;ϑ) = #(ET,c(A,B; Λϑ)) ∼ |ET,c(A,B)| as T →∞.
Note that the distribution of approximates from a different, probabilistic point of view
has been undertaken in [AG18]. It would be interesting to investigate these in the number
field context. Moreover, these questions can also be investigated in the function field context
(cf. [AGP12, GR15, KL18]).
3. Proof of Theorem 2.2
We will make use of Siegel’s mean value theorem for number fields, which is a theorem
about the average number of lattice points in given subset of KdS. The result below follows
from a more general result due to A. Weil [Wei46].
Theorem 3.1 (Weil [Wei46]). For f ∈ L1(KdS, λ),∫
X
f̂ dµ =
∫
Kd
S
f dλ. (3.1)
Following [KSW17], we now deduce some estimates which we will use in the proof of
Theorems 2.1 – 2.4. For #»z = ( #»x , #»y ) ∈ KmS ×KnS = KdS, write gt #»z = ( #»x t, #»y t). Then we have
‖ #»x t‖a = et‖ #»x‖a and ‖ #»y t‖b = e−t‖ #»y‖b.
Let fr,c = 1Er,c be the characteristic function of Er,c, then we have
fr,c(gt
#»z ) =
{
1 if et ≤ ‖ #»y‖
b
< et+r
0 otherwise.
Therefore
#»z ∈ ET,c =⇒ |{t ∈ [0, T ] : gt #»z ∈ Er,c}| ≤ r,
#»z ∈ ET,c r Er,c =⇒ |{t ∈ [0, T ] : gt #»z ∈ Er,c}| = r,
and
gt
#»z ∈ Er,c for some t ∈ [0, T ] =⇒ #»z ∈ ET+r,c.
Using (2.4) and changing the order of summation and integration it follows that for any
Λ ∈ X and any T > r
#(Λ ∩ (ET,c r Er,c)) ≤ 1
r
∫ T
0
f̂r,c(gtΛ) dt ≤ #(Λ ∩ ET+r,c). (3.2)
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From (3.2) it follows that
1
r
∫ T−r
0
f̂r,c(gtΛ) dt ≤ #(ET,c(Λ)) ≤ 1
r
∫ T
0
f̂r,c(gtΛ) dt+#(Er,c(Λ)). (3.3)
Similarly, let fA,B,r,c = 1Er,c(A,B) be the characteristic function of Er,c(A,B). Then by
similar calculations we get that for any Λ ∈ X
1
r
∫ T−r
0
f̂A,B,r,c(gtΛ) dt ≤ #(ET,c(A,B; Λ)) ≤ 1
r
∫ T
0
f̂A,B,r,c(gtΛ) dt+#(Er,c(A,B; Λ)). (3.4)
By Moore’s ergodicity theorem, the action of {gt} on X is ergodic with respect to the Haar
measure µ. Further Theorem 3.1 (Siegel’s mean value theorem), implies that f̂r,c ∈ L1(X).
We may therefore apply Birkhoff’s ergodic theorem (stated below) to f̂r,c.
Theorem 3.2 (Birkhoff ergodic theorem). Let {gt}t>0 be an ergodic measure-preserving
action on a probability space (Ω, µ) and f ∈ L1(Ω). Then for almost every x ∈ Ω, we have
that
lim
T→∞
1
T
∫ T
0
f(gtx) dt =
∫
Ω
f dµ.
Remark. Using ergodicity of {gt} and the Birkhoff ergodic theorem, we get that for a given
L1(X) function ϕ, µ-almost every Λ ∈ X is Birkhoff generic with respect to ϕ.
Applying Theorem 3.2 to (3.3) and using Theorem 3.1, we see that for almost every Λ ∈ X
lim
T→∞
#(ET,c(Λ))
T
= lim
T→∞
1
Tr
∫ T
0
f̂r,c(gtΛ) dt =
1
r
∫
X
f̂r,c dµ =
1
r
∫
Kd
S
fr,c dλ =
1
r
|Er,c|. (3.5)
The volume estimate from §2.1 implies that r · |ET,c| = T · |Er,c|, we have proved Theorem 2.2.
4. Proof of Theorem 2.1
We now wish to deduce Theorem 2.1 from Theorem 2.2. Define
M =
{(
α δ
β γ
)
∈ G : α ∈ GLm(KS), β ∈ Mn×m(KS), γ ∈ Mn(KS), δ ∈ M
}
Note that M is open and GrM has µ-measure zero. Let
H =
{(
α 0
β γ
)
∈ G : α ∈ GLm(KS), β ∈ Mn×m(KS), γ ∈ Mn(KS)
}
,
which is a subgroup of G. Let νH denote the left Haar measure on H.
Lemma 4.1. The map
H× U →M((
α 0
β γ
)
, u(ϑ)
)
7→
(
α 0
β γ
)
u(ϑ)
is a homeomorphism.
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Proof. For
(
α′ δ′
β ′ γ′
)
∈M, let α = α′, β = β ′, ϑ = α′−1δ′, and γ = γ′ − β ′α′−1δ′. Then
(
α 0
β γ
)(
1 ϑ
0 1
)
=
(
α′ δ′
β ′ γ′
)
.
Since
det
((
α′ δ′
β ′ γ′
)(
1 ϑ
0 1
)−1)
= 1,
we have det(γ) 6= 0.
If an element has two such decompositions, then we have
(
α1 0
β1 γ1
)−1(
α2 0
β2 γ2
)
= u(ϑ1)u(ϑ2)
−1.
Multiplying the matrices we get that α1 = α2, β1 = β2, γ1 = γ2 and ϑ1 = ϑ2. 
The parametrization from Lemma 4.1 gives us a Haar measure νH×ν on G, thus it must be
a constant multiple of µ. By normalizing νH appropriately, we may assume that the constant
is 1.
Given a subset B ⊆ G, define B∆ := {g∆ : g ∈ B}. Let u(ϑ′) ∈ U , WH be a open
neighborhood in H around the identity and WU be a open neighborhood in U around u(ϑ′)
so that W := WHWU is a open neighborhood of u(ϑ
′) in G.
Proposition 4.2. Let W be as in the previous paragraph. Then for νH-almost every h ∈ WH,
there exists a measurable subset Vh ⊆WU such that ν(Vh) = ν(WU) and for every u(ϑ) ∈ Vh,
the lattice hu(ϑ)∆ = h∆ϑ is Birkhoff generic with respect to the function f̂r,c.
Proof. Since µ-almost every element in X is Birkhoff generic with respect to f̂r,c, there exists
a setWbg ⊆W such that every element inW∆bg is Birkhoff generic with respect to the function
f̂r,c and such that µ(Wbg) = µ(W ).
For h ∈ WH, define Wbg,h := {u(ϑ) ∈ WU : hu(ϑ) ∈ Wbg}. Then Fubini’s theorem implies
that Wbg,h is measurable for almost all h ∈ WH. We claim that Vh = Wbg,h works, i.e.,
ν(Wbg,h) = ν(WU) for almost every h ∈ WH.
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If not, there exists a subset W ′H of WH of positive νH-measure such that, for every element
h ∈ W ′H, we have ν(Wbg,h) < ν(WU ). Integrating using Fubini’s theorem, we have
µ(Wbg) =
∫
WH
∫
WU
1Wbg(hu(ϑ)) dν(ϑ) dνH(h)
=
∫
WH
∫
WU
1WH(h) · 1Wbg,h(u(ϑ)) dν(ϑ) dνH(h)
=
∫
WHrW
′
H
∫
WU
1WHrW ′H
(h) · 1Wbg,h(u(ϑ)) dν(ϑ) dνH(h)
+
∫
W ′
H
∫
WU
1W ′
H
(h) · 1Wbg,h(u(ϑ)) dν(ϑ) dνH(h)
<
∫
WHrW
′
H
∫
WU
1WHrW
′
H
(h) · 1WU (u(ϑ)) dν(ϑ) dνH(h)
+
∫
W ′
H
∫
WU
1W ′
H
(h) · 1WU (u(ϑ)) dν(ϑ) dνH(h)
=
∫
WH
∫
WU
1WH(h) · 1WU (u(ϑ)) dν(ϑ) dνH(h)
=
∫
WH
∫
WU
1WHWU (hu(ϑ)) dν(ϑ) dνH(h)
= µ(W ),
a contradiction. 
In the notation as in Proposition 4.2, let V = {h ∈ WH : ν(Vh) = ν(WU)}. Then
νH(V ) = νH(WH). In the next stage we are going to approximate ∆ϑ (for u(ϑ) ∈ WU) by
certain sequence of Birkhoff generic points {∆ℓ}ℓ∈N in W∆bg in such a way that the Birkhoff
genericity of ∆ℓ implies the Birkhoff genericity of ∆ϑ for almost all u(ϑ) ∈ WU .
Let {εℓ}ℓ∈N → 0 be a sequence of positive reals. For each ℓ ∈ N we are going to choose
hℓ =
(
αℓ 0
βℓ γℓ
)
from V satisfying the following two conditions:
(i) hℓ → 1d as ℓ → ∞. For each hℓ ∃ Vℓ ⊆ WU such that ν(Vℓ) = ν(WU) and for all
u(ϑ) ∈ Vℓ the lattice hℓ∆ϑ is Birkhoff generic with respect to f̂c−εℓ and f̂c+εℓ.
Let V∞ :=
⋂
Vℓ, then ν(V∞) = ν(WU). Fix u(ϑ) ∈ V∞, then ∆ℓ = hℓ∆ϑ is Birkhoff
generic with respect to f̂r,c−εℓ and f̂r,c+εℓ for all ℓ ∈ N.
Now we are going to choose the ‘speed’ at which hℓ → 1d.
(ii) Let Ec := {( #»x, #»y ) ∈ KmS × KnS : ‖ #»x‖a · ‖ #»y‖b < c, 1 ≤ ‖ #»y‖b}. Then Ec ∩ ∆ϑ and
hℓEc ∩∆ℓ naturally correspond to each other. We have
hℓEc = {(αℓ #»x , βℓ #»x + γℓ #»y ) : ( #»x , #»y ) ∈ Ec}.
Since #»x is uniformly bounded for ( #»x , #»y ) ∈ Ec, we can choose hℓ so close to 1d that
(1− ε′ℓ)‖ #»x‖a · ‖ #»y‖b ≤ ‖αℓ #»x‖a · ‖βℓ #»x + γℓ #»y‖b ≤ (1 + ε′ℓ)‖ #»x‖a · ‖ #»y‖b (4.1a)
(1− ε′′ℓ )‖ #»y‖b − ε′′′ℓ ≤ ‖βℓ #»x + γℓ #»y‖b ≤ (1 + ε′′ℓ )‖ #»y‖b + ε′′′ℓ (4.1b)
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where ε′ℓ, ε
′′
ℓ and ε
′′′
ℓ → 0 are positive real numbers satisfying (1+ε′ℓ)c < c+εℓ, c−εℓ1−ε′
ℓ
< c
and ε′′ℓ , ε
′′′
ℓ < 1/3.
We have thus chosen hℓ.
Note that (4.1a) implies that hℓEc can be approximated from inside by Ec−εℓ and from
outside by Ec+εℓ , possibly up to two precompact sets C1ℓ and C2ℓ . The set C2ℓ appears as
follows: For hℓEc there might exist points (
#»x , #»y ) ∈ Ec such that ‖βℓ #»x + γℓ #»y‖b < 1. We
need to exclude these points from Ec. Let S := {( #»x, #»y ) ∈ KmS ×KnS : ‖ #»y‖b ≤ 1} and
C2ℓ := {( #»x, #»y ) ∈ Ec : hℓ( #»x , #»y ) ∈ S}
= h−1ℓ (S) ∩ Ec.
Then (4.1b) implies that C2ℓ is bounded, and we have
hℓ(Ec r C2ℓ ) ⊆ Ec+εℓ .
Similarly let
C1ℓ := {( #»x , #»y ) ∈ Ec−εℓ : h−1ℓ ( #»x , #»y ) ∈ S ∪ C2ℓ }
⊆ hℓ(C2ℓ ) ∪ (hℓ(S) ∩ Ec−εℓ).
Again (4.1b) implies C1ℓ is bounded, and we have
Ec−εℓ r C1ℓ ⊆ hℓ(Ec r C2ℓ ) ⊆ Ec+εℓ.
By similar arguments and using (4.1b), we see that
ET−1,c−εℓ r C1ℓ ⊆ hℓ(ET,c r C2ℓ ) ⊆ ET+1,c+εℓ
for all ℓ and T > 1.
Therefore
#(ET−1,c−εℓ(∆ℓ))− C1ℓ ≤ #(ET,c(∆ϑ))− C2ℓ ≤ #(ET+1,c+εℓ(∆ℓ)) (4.2)
where C1ℓ := #(C1ℓ ∩∆ℓ), C2ℓ := #(C2ℓ ∩∆ϑ). Since a precompact set of KdS can only have a
finite number of lattice points, it follows that C1ℓ , C
2
ℓ <∞. Consequently, from (4.2) we have
that
lim
T→∞
#(ET−1,c−εℓ(∆ℓ))
T − 1 ≤ limT→∞
#(ET,c(∆ϑ))
T
≤ lim
T→∞
#(ET+1,c+εℓ(∆ℓ))
T + 1
.
Since ∆ℓ is Birkhoff generic with respect to f̂r,c−ε′
ℓ
, f̂r,c+ε′
ℓ
for all ℓ, using (3.5) we have that
1
r
|Er,c−εℓ| ≤ lim
T→∞
#(ET,c(∆ϑ)
T
≤ 1
r
|Er,c+εℓ|.
Using the volume estimate from §2.1 and letting ℓ→∞ we get that for all u(ϑ) ∈ V∞,
lim
T→∞
#(ET,c(∆ϑ))
T
=
1
r
|Er,c|.
Since u(ϑ′) ∈ U is arbitrary, we have that for ν-almost all u(ϑ) ∈ U ,
lim
T→∞
#(ET,c(∆ϑ))
T
=
1
r
|Er,c|.
Since the volume estimate from §2.1 implies that r · |ET,c| = T · |Er,c|, we have proved
Theorem 2.1.
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5. Proof of Theorems 2.3 and 2.4
Let us prove some results using Theorem 2.1.
Corollary 5.1. Let r, c > 0. Then for almost every ϑ ∈M ,
lim
T→∞
1
T
∫ T
0
f̂r,c(gt∆ϑ) dt = |Er,c|. (5.1)
Proof. This result follows from (3.2), Theorem 2.1 and the volume estimate for ET,c from
§2.1. 
Corollary 5.2. For r, c > 0, let
Fr,c := {( #»x , #»y ) ∈ KmS ×KnS : ‖ #»x‖a · ‖ #»y‖b < c, 1 ≤ ‖ #»x‖a < er}.
Then for almost every ϑ ∈M ,
lim
T→∞
1
T
∫ T
0
1̂Fr,c(gt∆ϑ) dt = |Fr,c|. (5.2)
Proof. For every T > | ln c| and ϑ ∈M , similar to (3.2), we have
1
r
∫ T
0
1̂Fr,c(gt∆ϑ) dt ≤ #(ET+ln c,c(∆ϑ)) + #(F˜ ∩∆ϑ)
where F˜ := {( #»x , #»y ) ∈ KmS × KnS : ‖ #»x‖a < er, ‖ #»y‖b < c}. For every ϑ, #(F˜ ∩ ∆ϑ) is a
number independent of T and |Fr,c| = |Er,c|. So for ϑ ∈M satisfying (5.1) we have
lim sup
T→∞
1
T
∫ T
0
1̂Fr,c(gt∆ϑ) dt ≤ |Fr,c|. (5.3)
For r1 < r2 and 0 ≤ c1 < c2 define
Er1,r2;c1,c2 := {( #»x , #»y ) ∈ KmS ×KnS : c1 ≤ ‖ #»x‖a · ‖ #»y‖b < c2, er1 ≤ ‖ #»y‖ < er2}.
Consider
1
T
∫ T
0
1̂Er2−r1,c
(gr1gt∆ϑ) dt
On the one hand it is equal to
1
T
∫ T+r1
r1
1̂Er2−r1 ,c
(gt∆ϑ) dt
=
T + r1
T
· 1
T + r1
∫ T+r1
0
1̂Er2−r1,c
(gt∆ϑ) dt− 1
T
∫ r1
0
1̂Er2−r1,c
(gt∆ϑ) dt.
On the other hand, it is equal to
1
T
∫ T
0
1̂g−r1Er2−r1,c
(gt∆ϑ) dt
=
1
T
∫ T
0
1̂Er1,r2;0,c
(gt∆ϑ) dt
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since g−r1Er2−r1,c = Er1,r2;0,c. Therefore, for almost every ϑ ∈M
lim
T→∞
1
T
∫ T
0
1̂Er1,r2;0,c
(gt∆ϑ) dt = |Er1,r2;0,c|
again using g−r1Er2−r1,c = Er1,r2;0,c and the fact that {gt} is measure preserving.
For 0 ≤ c1 < c2 note that Er1,r2;c1,c2 = Er1,r2;0,c2 r Er1,r2;0,c1. Hence
1̂Er1,r2;c1,c2
= 1̂Er1,r2;0,c2 − 1̂Er1,r2;0,c1 ,
and it follows that for almost every ϑ ∈M ,
lim
T→∞
1
T
∫ T
0
1̂Er1,r2;c1,c2
(gt∆ϑ) dt = |Er1,r2;c1,c2|.
Note that for all ℓ ∈ Z+ one can find a finite collection of disjoint sets {Eri1,ri2;ci1,ci2}i∈Iℓ so
that
Fr,c ⊇
⊔
i∈Iℓ
Eri1,ri2;ci1,ci2, (5.4)
|Fr,c| − 1
ℓ
≤
∑
i∈Iℓ
|Eri1,ri2;ci1,ci2|. (5.5)
Let Mℓ be a full measure subset of M so that for all ϑ ∈Mℓ,
lim
T→∞
1
T
∫ T
0
∑
i∈Iℓ
1̂E
ri
1
,ri
2
;ci
1
,ci
2
(gt∆ϑ) dt =
∑
i∈Iℓ
|Eri1,ri2;ci1,ci2|. (5.6)
Then M∞ :=
⋂
Mℓ has full measure in M . Using (5.4) – (5.6) we see that for all ϑ ∈ M∞,
for all ℓ ∈ Z+,
lim inf
T→∞
1
T
∫ T
0
1̂Fr,c(gt∆ϑ) dt ≥ lim
T→∞
1
T
∫ T
0
∑
i∈Iℓ
1̂E
ri
1
,ri
2
;ci
1
,ci
2
(gt∆ϑ) dt
=
∑
i∈Iℓ
|Eri1,ri2;ci1,ci2|
≥ |Fr,c| − 1
ℓ
.
Therefore
lim inf
T→∞
1
T
∫ T
0
1̂Fr,c(gt∆ϑ) dt ≥ |Fr,c|, (5.7)
and it remains to note that (5.3) and (5.7) imply (5.2). 
In the next lemma we show that for a Riemann integrable function f on KdS, the function
f̂ is in Cα(X).
Lemma 5.3. For any d and all sufficiently large r there are constants c1, c2 such that if 1Br
is the characteristic function of the open ball of radius r around origin, then for all Λ ∈ X
c1α(Λ) ≤ 1̂Br ≤ c2α(Λ). (5.8)
In particular, for any Riemann integrable function f : KdS → R, f̂ ∈ Cα(X).
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Proof. Every element ofX is a lattice in Rdk of fixed determinant. Applying [KSW17] Lemma
5.1, we see that there exists r0 such that (5.8) holds for all r > r0.
Now given any Riemann integrable function f : KdS → R there exist positive r > r0 and
C such that |f | ≤ C · 1Br . Hence (Cα-2) follows from (5.8). In order to prove (Cα-1), let S
be the set of discontinuities of f in KdS r {0}. Then |S| = 0 and it follows that the set S ′ of
discontinuities of f̂ is contained in S ′′ := {Λ : Λ ∩ S 6= ∅}. For each #»v ∈ Od r {0}, the set
of g ∈ G such that g #»v ∈ S has Haar measure zero in G, and hence S ′′, being a countable
union of sets of measure zero, is measure zero. Therefore µ(S ′) = 0. 
We are going to need Shi’s equidistribution result ([Shi17], Corollary 1.3) for number fields.
This follows from much general Theorem 1.2 of [Shi17].
Theorem 5.4. Let Λ ∈ X. Then for almost every ϑ ∈M , u(ϑ)Λ is (D+, Cc(X))-generic.
Proof. In Theorem 1.2 of [Shi17], take G = L = SLd(KS), Γ = SLd(O), U = U and x = Λ. 
Following [KSW17], we are now going to derive some general properties of convergence of
measures on X .
Lemma 5.5. Let ψ ∈ Cα(X) and let {µi} be a sequence of probability measures on X such
that µi → µ with respect to the weak-∗ topology. Then for any non-negative ϕ ∈ Cc(X) we
have
lim
i→∞
∫
X
ϕψ dµi =
∫
X
ϕψ dµ.
Proof. Decomposing ψ into real and complex parts we can assume that ψ is real valued.
Using (Cα-1) and (Cα-2) we see that ϕψ is bounded, compactly supported and continuous
except on a set of measure zero. By using a partition of unity, without loss of generality
one can assume that ϕ is supported on a coordinate chart. Applying Lebesgue’s criterion for
Riemann integrability to ϕψ, we can write
∫
X
ϕψ dµ as the limit of upper and lower Riemann
sums. It follows that given ε > 0 there exist h1, h2 ∈ Cc(X) such that h1 ≤ ϕψ ≤ h2 and∫
X
(h2 − h1) dµ ≤ ε. (5.9)
Thus we have ∫
X
h1 dµ ≤ lim inf
i→∞
∫
X
ϕψ dµi ≤ lim sup
i→∞
∫
X
ϕψ dµi ≤
∫
X
h2 dµ (5.10)∫
X
h1 dµ ≤
∫
X
ϕψ dµ ≤
∫
X
h2 dµ. (5.11)
Since ε was arbitrary, the lemma follows from (5.9) – (5.11). 
Corollary 5.6. Let the notation be as in Lemma 5.5. Assume that
lim
i→∞
∫
X
ψ dµi =
∫
X
ψ dµ. (5.12)
Then for any ε > 0 there exists i0 > 0 and ϕ ∈ Cc(X) with 0 ≤ ϕ ≤ 1 such that∣∣∣∣∫
X
(1− ϕ)ψ dµi
∣∣∣∣ < ε (5.13)
for any i ≥ i0.
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Proof. Since ψ ∈ L1(X, µ), there exists a compactly supported continuous function ϕ : X →
[0, 1] such that ∣∣∣∣∫
X
(1− ϕ)ψ dµ
∣∣∣∣ < ε3 . (5.14)
By Lemma 5.5 and (5.12), there exists i0 > 0 such that for i ≥ i0∣∣∣∣∫
X
ϕψ dµi −
∫
X
ϕψ dµ
∣∣∣∣ < ε3 (5.15)∣∣∣∣∫
X
ψ dµi −
∫
X
ψ dµ
∣∣∣∣ < ε3 . (5.16)
Therefore the corollary follows from (5.14) – (5.16). 
Corollary 5.7. Let the notation be as in Lemma 5.5. Assume that there exists a non-negative
Riemann integrable function f0 on K
d
S such that |ψ| ≤ f̂0 and
lim
i→∞
∫
X
f̂0 dµi =
∫
X
f̂0 dµ. (5.17)
Then
lim
i→∞
∫
X
ψ dµi =
∫
X
ψ dµ.
Proof. Using Lemma 5.5, Corollary 5.6 and (5.17), we have that for ε > 0 there exists i0 > 0
and a continuous compactly supported function ϕ : X → [0, 1] such that for i ≥ i0∣∣∣∣∫
X
ϕψ dµi −
∫
X
ϕψ dµ
∣∣∣∣ < ε3 ,∫
X
(1− ϕ)f̂0 dµi < ε
3
,∫
X
(1− ϕ)f̂0 dµ < ε
3
.
Using |ψ| ≤ f̂0 and the above inequalities, we get that∣∣∣∣∫
X
ψ dµi −
∫
X
ψ dµ
∣∣∣∣ < ε
for i > i0. Hence we are done. 
Now for given ψ ∈ Cα(X) we are going to apply Corollary 5.1 and Corollary 5.2 to find a
function f0 satisfying the hypothesis of Corollary 5.7. Theorem 5.4 guarantees that there is
a full measure subset M ′ of M so that ∆ϑ is (D
+, Cc(X))-generic for every ϑ ∈M ′.
Lemma 5.8. For r > dk let Ar be the annular region defined by Ar := { #»z ∈ KdS : dk <
‖ #»z ‖2 < r}. Then for every ϑ ∈M ′
lim
T→∞
1
T
∫ T
0
1̂Ar(gt∆ϑ) dt = |Ar|.
Proof. There exists r′, c′ > 0 such that Ar ⊆ Er′,c′ ∪ Fr′,c′, hence it follows that 1̂Ar ≤
1̂Er′,c′
+ 1̂Fr′,c′ . Therefore Corollary 5.1 and Corollary 5.2 imply that (5.17) holds for f0 =
1Er′,c′
+ 1Fr′,c′ . Hence this lemma follows from Corollary 5.7. 
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Lemma 5.9. Let Br be the open ball of radius r > 0 around the origin in K
d
S. Then for
every ϑ ∈M ′
lim
T→∞
1
T
∫ T
0
1̂Br(gt∆ϑ) dt = |Br|.
Proof. We first observe that there exists s > 0 any annular region of width ≥ s contains a
lattice point of any unimodular lattice in KdS. Given Λ ∈ X let
λ1(Λ) := inf{λ ≥ 0 : dimK(span(B1 ∩ Λ)) ≥ 1}.
Using Theorem 1.2 of [KST17] we get that ∃ s > 1 such that λ1(Λ) ≤ s − 1 for all Λ ∈
X . Therefore for any vector #»v 1 ∈ Λ with ‖ #»v 1‖2 = λ1(Λ), any annular region of width
s would contain some integer multiple of #»v1. So for any unimodular lattice Λ in K
d
S let
#»v ∈ Λ ∩ (Adk+s+r r Adk+r), and we have #(Br ∩ Λ) = #((Br + #»v ) ∩ Λ). It follows that
for any lattice Λ ∈ X , the number of lattice points in Br is at most the number of lattice
points in Adk+s+2r, i.e., 1̂Br ≤ 1̂Adk+s+2r . Therefore the conclusion of this lemma follows from
Corollary 5.7 and Lemma 5.8. 
Proof of Theorem 2.3. It follows that for every ϑ ∈M ′ and for all sufficiently large positive
integers r
lim
T→∞
1
T
∫ T
0
1̂Br(gt∆ϑ) dt =
∫
X
1̂Br dµ.
From 5.3 it follows that for any ψ ∈ Cα(X) there exists C > 0 and r ∈ Z+ such that
|ψ(Λ)| ≤ C · 1̂Br(Λ) for all Λ ∈ X . It again follows from Corollary 5.7 that ∆ϑ is (D+, ψ)-
generic for every ϑ ∈M ′, and hence the proof is complete. 
Proof of Theorem 2.4. Let fA,B,r,c be the characteristic function Er,c(A,B). The assump-
tion that the measures of boundaries of A and B are zero implies that Er,c(A,B) has measure
zero boundary in KdS. Hence fA,B,r,c is Riemann integrable on K
d
S. Applying Theorem 2.3
and (3.4) we get
lim
T→∞
#(ET,c(A,B; ∆ϑ))
T
= lim
T→∞
1
Tr
∫ T
0
f̂A,B,r,c(gt∆ϑ) dt =
1
r
∫
X
f̂A,B,r,c dµ =
1
r
|Er,c(A,B)|.
It now suffices to show that
r · |ET,c(A,B)| = T · |Er,c(A,B)|. (5.18)
For T, r > 0 such that T/r = ℓ ∈ Z+, we have
ET,c(A,B) =
ℓ−1⊔
j=0
g−rj(Er,c(A,B)),
and hence (5.18) follows for T/r ∈ Z+, since {gt} preserves λ. From this one deduces (5.18)
for T/r ∈ Q. Finally for arbitrary T, r > 0 let T1, T2 > 0 be such that T1 < T < T2 and
T1/r, T2/r ∈ Q. Then
ET1,c(A,B) ⊆ ET,c(A,B) ⊆ ET2,c(A,B)
=⇒ T1 · |Er,c(A,B)| ≤ r · |ET,c(A,B)| ≤ T2 · |Er,c(A,B)|.
Hence we get (5.18) for all T, r > 0 by taking limits. 
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5.1. Remark. One could ask for the average value of #(ET,c(A,B; ∆ϑ)) as ∆ varies over X .
It turns out that ∀ ϑ ∈M ,∫
X
#(ET,c(A,B; ∆ϑ)) dµ(∆) =
∫
X
f̂A,B,T,c(u(ϑ)∆) dµ(∆)
=
∫
Kd
S
fA,B,T,c(u(ϑ)
#»z ) dλ( #»z )
=
∫
Kd
S
fA,B,T,c(
#»z ) dλ( #»z )
= |ET,c(A,B)|.
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